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Accessibility of a plane electromagnetic wave into an inhomogeneous, magnetized plasma column
is studied using the complete cold plasma dielectric tensor. It is found that TM (transverse mag-
netic) waves incident at small angles with the vacuum-plasma interface are almost completely trans-
mitted into the plasma even though the criterion for accessibility to the lower-hybrid resonance is
not satisfied. The significance of this result for coupling rf energy into plasma filled waveguides is

discussed.

I. Introduction

An electromagnetic wave incident upon an in-
homogeneous, magnetized, cold-plasma half-space
gradually converts into a slow electrostatic wave,
eventually encountering a region of very high re-
fractive index and low group velocity in the vicinity
of the lower-hybrid resonance. Some dissipation
mechanism such as collisions would then result in
efficient absorption of the wave energy.

Before the wave reaches the hybrid layer, it is in
general obliged to tunnel through a region of
evanescence where part of the wave energy may be
reflected. This problem, however, can be avoided if
the refractive index n. along the magnetic field
direction satisfies the condition

n,>2(1 + /06 Oc) . (1.1)

This well known accessibility criterion to the lower-
hybrid resonance was formulated by ST1x ! who also
showed using WKB approach that the transmitted
wave is completely absorbed at the resonant layer.

Once the accessibility condition of Eq. (1.1) is
fulfilled, n, the refractive index perpendicular to
the magnetic field is real everywhere between the
vacuum and the hybrid layer and it is a fair surmise
that all the energy incident on the plasma is trans-
mitted. Although a helpful guideline, this surmise
may not be always correct. As is well known from
the waveguide theory, reflections can occur even
if the propagation constant is real everywhere be-
tween the source and the load. Conversely, it may
be possible to find load conditions which will lead
to complete transmission even if the load is sepa-
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rated from the source with an evanescent section of
waveguide.

Similarly, the adiabaticity condition requiring
slow variations of parameters may not be valid in
practice and the WKB solution may not reveal the
presence of possible reflections 2.

Another variant of the accessibility condition, also
based on the WKB approach, is given by PARKER ?
as

2
n: >1+o,/me.

(1.2)

Despite the significant differences between (1.1)
and (1.2), they both have the important common
feature that n, must exceed unity which at once pre-
cludes the simultaneous fulfilment of accessibility
condition and waveguide propagation in a plain-
walled waveguide except under some pathological
circumstances. As a result the coupling configura-
tions must employ some sort of additional structure
within the plain walled waveguide (which is the
natural configuration of a reactor) such as “Stix
coil” 4, or as DERFLER 5 has suggested, in the some-
what different context of enhancing Landau damping
of Bernstein modes, by constructing a slow wave
structure within the waveguide. Derfler, of course,
envisaged that in an actual reactor, the transverse
dimensions of the apparatus would equal or exceed
the free space wavelength of the rf source. A notable
exception occurs in the case of BRiGGs and PAR-
KER’s ® work who attempt to fulfil the accessibility
condition by considering “gap excitation” which
presumably couples most of the spectral energy in
parallel wavenumbers which fulfil the accessibility
condition of (1.2). Unfortunately, their results are
vitiated by the erroneous assumption that at the
plasma boundary, the exciting structure defines an
imposed tangential electric field £, while, in reality,
due to the large longitudinal conductivity o,, the
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actual electric field is essentially normal to the
plasma boundary with a very small longitudinal
component.

Another common failing of the global analysis
using WKB approach is the inability to distinguish
between TE and TM polarizations or to properly
take into account the effect of the finite thickness
of the evanescent layer.

In order to remove some of the above mentioned
uncertainties and errors regarding the accessibility
and absorption at the lower hybrid resonance, we
study in this paper, the reflection and transmission
of plane electromagnetic waves from an anisotropic,
inhomogeneous, cold-plasma half-space using ac-
curate numerical methods. Unlike the previous
347 on the subject, the case of oblique in-
cidence is treated employing the complete cold-
plasma dispersion.

The most significant result we find is that TM
waves incident at small angles with the vacuum
plasma interface are almost completely transmitted
into the plasma so that it is indeed possible to satis-
fy the accessibility condition and waveguide pro-
pagation in a plain walled waveguide simultaneous-
ly. Further one need not wait for the ultimate reac-
tor in order to realize waveguide propagation which
infact can be readily obtained in laboratory machi-
nes of modest dimension.

works

II. The Method of Solution

We use the dielectric tensor K wtih the notation
of Ref.l. The orientation of the axes is shown in
Figure 1a. All field quantities are assumed to
possess space and time dependence exp {i(k,z+
k,z—wt)} with no variation in the y-direction.
The absorption mechanism considered is the mo-
mentum transfer collisions between the electrons
and ions using the Langevin equation® so that the
modified electron mass m, used for calculating the
electron plasma and cyclotron frequencies is given
by m,=m[1 +i(ve/®)], where m is the electron
mass and 7,; is the electron-ion momentum transfer
collision frequency according to SprTzeRr ?. We shall
specify ».; by the equivalent temperature 7. The
mean value of »,; averaged in the region 0 <z <g
will be denoted by (».). The density profile is
taken into account using a stratified plasma model.
This model becomes exact as the number of slabs
tends to infinity and the thickness of each slab tends
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Fig. 1. Transmitted energy (1—R,) as a function of the angle
@ of the incident TM wave with the vacuum-plasma interface
for several values of temperature 7.

to zero. In practice, an acceptable approximation
is obtained by making each plasma slab much thin-
ner than the local value of the wavelength. Beyond
the inaccuracies inherent in the Langevin collision
model and the stratification of the plasma profile,
the problem can be treated exactly. For the four
waves occuring in each slab, four boundary condi-
tions exist requiring the continuity of the tangential
electric and magnetic fields.

The plasma density is assumed to rise linearly
from n, =0 to n.=ny. as = increases from x=0
to x=g and thereafter stays constant as is shown
in Figure 1 a. The region 0 <z <g is stratified into
99 slabs while 2 > g forms the 100th slab.

Defining S=S — n.?, the dispersion relation may
be written as

5 SE—D2+P§

ny 7’*’

25
SS—D*+PS\: P . = ]1/2
:t[< 25 >—+—S(D—S) :  (2.3)
Corresponding to the four roots of this equation,
the z-components of the electric fields associated
with the four waves in a given plasma slab are

Eff —ES expli(hS 2+ hoz—w1)) (2.2)
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while E,, E.., H,, H, and H, may be expressed in
terms of E, using the dielectric tensor and the Max-
well’s equations. The indices f (fast) and s (slow)
correspond respectively to the smaller and the larger
roots of n,%. For each of the roots n,%, the two
waves associated with Zn, are labled plus and
minus respectively so that n,, = —n,_. The slow
wave is the quasi-extraordinary mode which en-
counters the resonance at the lower-hybrid layer
as S— 0. In the plasma slab to the right of x =g,
there are only two waves, one fast and one slow,
each of which decays for increasing «, there being
no sources at infinity. In the vacuum region, there
is an incident wave (either TM or TE) of unit
amplitude and two reflected waves one TM and
one TE.

One may readily verify that the number of un-
determined quantities exactly equals the boundary
conditions. The resultant set of 400 complex, linear,
algebraic equations is solved using standard com-
putational methods. In order to obtain the maximum
computational accuracy, the slab widths 4z are ad-
justed so that the phase change AP =|k,* Az | in
each slab is approximately equal. Typically for the
case g—=1cm, ADP/21<1/30 in each of the slabs
while in the slabs lying in the immediate vicinity

of the hybrid layer 4®/2 71 <1/300.

II1. The Results

If Rry and Ryg are the amplitudes of the reflected
TM and TE waves, the total reflected energy is given
by R*= Ry 2+|R!2 so that the fractional
transmitted energy is given by (1 —R?).

The plasma and field parameters used in all the
computations are: ion-cyclotron frequency = 76
MHz, rf frequency = 760 MHz, maximum plasma
density = 3.5 x 10 cm™3, while the gas used is
deuterium.

Figure 1 shows the transmitted energy as a func-
tion of ¢ for several values of temperature T for an
incident TM wave. For the sake of comparison, the
energy transmission coefficient into stainless steel
is also shown in Fig.1b (dashed line). While the
incident energy is almost totally transmitted for
small ¢ = 1°, the transmission coefficient drops
rapidly with increasing ¢. The effect of decreasing
v.; or increasing T (T =10 corresponds to (v.)/
® =~ 107*%), is to introduce fluctuations in the trans-
mission coefficient (plotted as a function of ¢)
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although there is no significant change in the gene-
ral trend.

For ¢ ~90° i.e. for nearly normal incidence, the
electric field is almost parallel to the static magnetic
field. Since the plasma possesses a large conducti-
vity in the longitudinal direction, it is not surprising
that for this case the wave is reflected as if from a
metallic wall. For the case of small ¢ = 1°, on the
other hand, the small longitudinal component E.
provides the necessary electron flow to produce a
normal electric field component inside the plasma
edge which inturn establishes efficient coupling be-
tween the large normal component of the incident
electric field and the plasma. This is precisely the
coupling mechanism suggested by the authors for
coupling to TEM like coaxial waveguide modes 7.
These attempts at physical pictures are necessarily
conjectural. The final results or the conclusions of
this paper, however, are in no way dependent on
the validity of these surmises.

Similar curves for an incident TE wave are shown
in Figure 2. In this case there is poor transmission
for both small and large ¢ with rather broad
maxima in the middle. The effects caused by chang-
ing T are akin to the TM case already described.
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Fig. 2. Transmitted energy as a function of ¢ and T for an
incident TE wave.



ACCESSIBILITY TO THE LOWER HYBRID RESONANCE

Both for the TM and TE cases the effect of in-
creasing “g”” with a consequently less steep profile
results in decreased transmission (Figs.3 and 4)
especially for large ¢, presumably due to an in-
crease in the width of the evanescent region.
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Fig. 3. Transmitted energy as a function of ¢ and the profile
width “g” for an incident TM wave.
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Fig. 4. Transmitted energy as a function of ¢ and “g” for an
incident TE wave.

The relative energy coupled to the fast and slow
modes has a large variation as the parameters are
changed. But for the interesting case of TM waves
and n,< 1, typically over 80% of the energy
coupled is carried by the slow wave and is princi-
pally absorbed near the hybrid layer.
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IV. Discussion

The most significant result obtained is that for
small angels 1° < ¢ = 10° (n, = cos¢ <1), the
TM vacuum wave is almost completely transmitted
into the plasma. Another important result is that the
transmission properties of TM and TE waves are
quite different. While the first of these two results
stands in contradition to the accessibility condition
of (1.1) and (1.2), the second is certainly not ap-
parent from the WKB approach. The decreased
transmission for ¢ — 0 both in the case of TE and
TM modes is certainly the least expected result
from WKB point of view.

These results have important bearing on the
problem of coupling rf energy into a plasma
column contained in a waveguide. We shall consider
two cases, namely i) when the vacuum wavelength
greatly exceeds the transverse waveguide dimen-
sions and ii) when the vacuum wavelength is less
than the transverse dimensions of the waveguide 1.
In either case propagating modes exist provided
the lower-hybrid resonance lies somewhere in the
plasma column 2. While the first case is relevant
to the laboratory scale experiments, the second per-
tains to fusion reactors.

Case (i): It was pointed out earlier in this paper
that the efficient coupling of the TM vacuum wave
for small ¢ to the plasma is reminiscent of a TEM
like field configuration in a co-axial waveguide.
Thus a current loop oriented to produce an azi-
muthal magnetic field will launch waves which
would easily couple into the plasma (Figure 5 a).
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Case (ii): Likewise, in a fusion reactor, the op-
timum antenna would launch TM waves at grazing
incidence on the plasma surface (Figure 5b). The
part of the energy not at once transmitted into the
plasma will bounce back and forth between the
plasma and the metal wall, because due to the large
machine dimensions involved, propagating modes
could exist in the vacuum region between the
plasma and the metal wall. Wall irregulatities will
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gradually scatter these waves both in orientation and
polarization so that they will eventually be admitted
into the plasma. Thus in a large machine. the an-
tenna problem may be indeed uncritical.

These considerations together with the findings
of Ref. 2 make a strong case for coupling rf energy
directly into the plasma filled waveguides. This is to
be contrasted with the existing coupling schemes
which are dictated principally by the accessibility
requirements of (1.1) and (1.2). As already
pointed out, in these schemes the accessibility cri-
terion is met either by using the “Stix coil” for
which n. can be chosen arbitrarily* or by con-
sidering “gap excitation” which presumably couples
most of the spectral energy in parallel wavenumbers
which fulfil the accessibility condition® 6, Instead
of considering the plasma and metal walls as
forming a waveguide system, Refs.3 ¢ concentrate
on a waveguide feed which due to its small dimen-
sions (the “gap”) in the z-direction is instrumental
in launching waves with a large n. .

Inclusion of finite temperature effects, collision-
less absorption mechanisms, parametric and non-
linear instabilities will undoubtedly alter these re-
sults quantitatively; but not the qualitative con-
siderations which continue to play an important role
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in the coupling and absorption of rf energy into
the plasma.

Note further that in these preliminary calcula-
tions only the case (®pe/®e < 1) most pertinent to
thermonuclear plasmas has been treated. A larger
variety of parameters as well as more details will be
considered in a forthcoming publication.

Finally, we expect that these computations would
provide guidelines for future analytical efforts,
which, of course, must necessarily conform to the
essentially exact results reported here.

V. Conclusion

We believe that these results would provide the
experimentalist a welcome relief from the technical
difficulties attending the construction of structures
like coils as well as provide an elegant solution to
the difficult problem of coupling rf energy into
thermonuclear plasmas.

Acknowledgement

This work has been undertaken as part of the joint
research program between the Max-Planck-Institut fiir
Plasmaphysik and Euratom.

8 There is a typographical error in the sign of ivei/w in
Ref. 12,

9 L. SeiTzer, JR., Physics of Fully Ionized Gases, Inter-
science, New York 1962.

10°S. Purt and M. TutTER, APS Bulletin 1259 [1971]; also

Report TPP 1V/30, MPI fiir Plasmaphysik, 8046 Garching,

Germany [1971].

Note that this is always the case in the existing calculations

dealing with plasma filled waveguide calculations which

invariably deal with the electron modes and without con-

cern for the accessibility of rf fields into the plasma. The

only exception occurs in Ref. 12,

12§, Purt and M. TUTTER, Nuclear Fusion 13. 55 [1973].



